SURFACES WITH PARALLEL MEAN CURVATURE 
VECTOR IN S 2 x § 2 AND M 2 x M 2 



FRANCISCO TORRALBO AND FRANCISCO URBANO 

Abstract. Two holomorphic Hopf differentials for surfaces of non-null 
parallel mean curvature vector in § 2 x § 2 and H 2 x H 2 are constructed. A 
1:1 correspondence between these surfaces and pairs of constant mean 
curvature surfaces of § 2 x R and H 2 x R is established. Using that, 
surfaces with vanishing Hopf differentials (in particular spheres with 
parallel mean curvature vector) are classified and a rigidity result for 
constant mean curvature surfaces of S 2 x R and H 2 x R is proved. 



1. Introduction 

Surfaces with constant mean curvature (CMC-surfaces) in three mani- 
folds is a classic topic in differential geometry and it has been extensively 
studied when the ambient manifold has constant curvature. In 2004, Abresh 
and Rosenberg [1] studied CMC-surfaces in § 2 xl and I 2 xR where S 2 
(respectively H 2 ) are the two-dimensional sphere (respectively the hyper- 
bolic plane). They defined on such surfaces a holomorphic two-differential 
which generalizes the classical Hopf differential defined for CMC-surfaces of 
space forms. They also classified those CMC-surfaces with vanishing Hopf- 
differential. In particular, they classified the orientable CMC-surfaces of 
genus zero in § 2 x 1 and H 2 x R. 

When the codimension of the surface is bigger than one, the natural gene- 
ralization of these type of surfaces are the surfaces with parallel mean curva- 
ture vector (in what follows PMC-surfaces). Although there are results for 
codimension bigger than two, the most relevant ones are obtained when the 
codimension is two. In 1971, Ferus [8] proved that a genus zero orientable 
surface with (non-null) parallel mean curvature vector in a simply-connected 
space form is a round sphere. In [5] and [13], Chen and Yau independently 
classified all the surfaces with parallel mean curvature vector in space forms, 
proving that they are CMC-surfaces of three dimensional umbilical hyper- 
surfaces. Both results are based on the following fact: if H is the mean 
curvature vector of the surface, as the dimension of the normal bundle is 
two, it is possible to consider another parallel vector field in the normal bun- 
dle H orthogonal to H with the same length and to define two holomorphic 
Hopf differentials associated to H and H. 
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In 2000, Kenmotsu and Zhou [9] classified surfaces with parallel mean cur- 
vature vector in the complex projective and the complex hyperbolic planes. 
In this case, it is well known that there are not umbilical hypersurfaces of 
these 4-manifolds, therefore there is not a method like in space forms to 
construct surfaces of parallel mean curvature vector. The authors did not 
use the existence of Hopf differentials. Instead, they reduced the classifica- 
tion theorem, using a result by Ogata [12], to solve an O.D.E. system on the 
surface. Using an analytic method, they classified these surfaces, proving 
that there are few of them and they have a good behavior with respect to 
the complex structure of the ambient space. 

In this paper we study surfaces with parallel mean curvature vector in 
8 2 x S 2 and tfxH 2 . In this case, although there are umbilical hypersurfaces 
of the ambient space, only the totally geodesic ones (up to congruences § 2 xl 
and H 2 x R) have constant mean curvature (see Proposition 1) and so CMC- 
surfaces of 8 2 x R and H 2 x R are surfaces with parallel mean curvature vector 
in S 2 x S 2 and H 2 x H 2 respectively. 

The most important idea in the paper is the construction of two holomor- 
phic Hopf differentials on PMC-surfaces of § 2 x S 2 and H 2 x H 2 (see section 
3) which generalize the Abresh-Rosenberg differential in the sense that if a 
PMC-surface of S 2 x S 2 or M 2 x M 2 factorizes through a CMC-surface of 
S 2 x R or H 2 x R, both Hopf differentials are equals and they coincide (up 
to a constant) with the Abresh-Rosenberg differential (see Lemma 1). To 
define these Hopf differentials we use the two Kahler structures that these 
4-manifolds have (see section 3). 

In section 4 we prove the main results of the paper. Theorem 1 proves that 
given a simply-connected Riemannian surface there exists, up to con- 

gruences, a 1:1 correspondence between PMC-isometric immersions of (S, g) 
in § 2 x S 2 (respectively H 2 x H 2 ) and pairs of CMC-isometric immersions of 
(£,<?) in S 2 x R (respectively H 2 x R). Moreover these two CMC-surfaces 
are congruent if and only if the corresponding PMC-immersion factorizes 
through a CMC-immersion of S 2 x R or H 2 x R. So the existence of full 
PMC-immersions in S 2 x § 2 and M 2 x M 2 is deeply related to the rigidity of 
CMC-immersions in S 2 x R and H 2 x R. 

In Theorem 2 we classify an important family of surfaces of S 2 x S 2 and 
H 2 x H 2 with parallel mean curvature vector: those that are Lagrangian sur- 
faces with respect to some of the two Kahler structures that these manifolds 
have. Theorem 3 is the most important contribution of the paper, it classifies 
the surfaces with parallel mean curvature vector with null extrinsic normal 
curvature. In the classification it appears the CMC-surfaces of S 2 x R and 
H 2 x R, the Lagrangian PMC-surfaces and a new family of PMC-surfaces in- 
variant under 1-parameter groups of isometries of S 2 x S 2 and H 2 x H 2 which 
are described in Proposition 4. This result allows us to classify the parallel 
mean curvature surfaces with vanishing Hopf-differentials (Theorem 4) and 
in particular the parallel mean curvature spheres of S 2 x § 2 and H 2 x H 2 
(Corollary 1). 
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In section 5, using Theorem 1 and the examples of Proposition 4, we 
construct examples of CMC-surfaces in S 2 x R and H 2 x R. Among them 
it is interesting to remark a two-parameter family of CMC-embedded tori 
in § 2 x S 1 (Proposition 6). Moreover, Corollary 3 is a rigidity result for 
CMC-surfaces of S 2 x R and H 2 x R. Finally, in section 6 we study general 
properties of compact PMC-immersions in S 2 x S 2 and H 2 xl 2 . 

The product of two Riemannian surfaces with different constant curva- 
tures is not an Einstein manifold and this is a big problem in order to study 
its PMC-surfaces. Following the ideas developed in this paper, on a PMC- 
surface of the product of two Riemannian surfaces with constant curvatures 
it is possible to define a holomorphic 2-differential, which coincides with the 
sum of the two Hopf differentials when the constant curvatures are equals. 
When these curvatures are opposite, this holomorphic differential was de- 
fined in [11]. 

2. Preliminaries and examples 

We denote by M 2 (e), e = 1,-1, the two-dimensional sphere S 2 = {x G 
R 3 | x\ + x\ + x\ = 1} endowed with the canonical metric of constant curva- 
ture 1 when e = 1 and the hyperbolic plane H 2 = {x £ R 3 | x\ + x\ — x\ = 
— 1, X3 > 0} endowed with the canonical metric of constant curvature — 1 
when e = — 1. We denote by u> the Kahler 2-form on M 2 (e) and by J the 
corresponding complex structure, i.e. lo( , ) = ( J , ) where ( , ) denotes the 
metric of M 2 (e). 

If we consider M 2 (e) x M 2 (e) endowed with the product metric, which 
will be also denoted by (,), then it is an orientable Einstein manifold with 
scalar curvature 4e. The orientation will be given by the 4-form it\lo A n^u}, 
where TTj, j = 1, 2 are the projections on the factors. 

Along the paper we will consider M 2 (e) x M 2 (e) embedded isometrically 
in R 3 x R 3 = R 6 when e = 1 and in Rf x Rf = R^ when e = -1, being Rf 
the Lorentz-Minkowski 3-space. 

Let <3? : S —> M 2 (e) x M 2 (e) be an immersion of an oriented surface S. If 
T^S is the normal bundle of then we have the orthogonal decomposition 

$*T(M 2 (e) x M 2 (e)) = TS© T^S. 

Let V be the connection on <E>*T(M 2 (e) x M 2 (e)) induced by the Levi-Civita 
connection of M 2 (e) x M 2 (e) and let V = V + V -1 be the corresponding 
decomposition. If {ei, e2, e%, e±\ is an oriented orthonormal local frame on 
<£*T(M 2 (e) x M 2 (e)) such that {ei, is an oriented frame on TE, then we 
define the normal curvature K L of the immersion $ by 

K L = ^(61,62,63,64), 

where R 1 - is the curvature tensor of the normal connection V -1 . Also we 
define the extrinsic normal curvature K 1 - as the the function on E given by 

K L = #(ei,e 2 ,e 3 ,e 4 ), 
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where R is the curvature tensor of V. 

Definition 1. Let $ : £ — ► M 2 (e) x M 2 (e) be an immersion. We say that $ 
has non-null parallel mean curvature vector, from now on PMC-immersion, 
if V ± H = and H is non-null. In such case, \H\ is a positive constant. 

Suppose that $ : £ -> M 2 (e)xM 2 (e) is a PMC-immersion of an orientable 
surface £. We can define another parallel normal vector field H as the only 
one with \H\ = \H\ and {H, H} defining the same orientation on the normal 
bundle as {es,e4}. Because H is parallel, K 1 - = and hence the Ricci 
equation of $ is given by 

IH^K 1 - = {[A H ,Ajj}e u e 2 ), 

where is the Weingarten endomorphism associated to a normal vector £. 

In order to get examples of PMC-surfaces, we make use of the following 
trivial fact: If Y, is a constant mean curvature surface of a totally umbilical 
hypersurface with constant mean curvature of M 2 (e) x M 2 (e), then £ has 
parallel mean curvature vector as a surface of M 2 (e) x M 2 (e). Next propo- 
sition describes the umbilical hypersurfaces with constant mean curvature 
of M 2 (e) x M 2 (e). 

Proposition 1. Let ^ : N — > M 2 (e) x M 2 (e) be a totally umbilical hyper- 
surface with constant mean curvature. Then ^ is totally geodesic and it is 
locally congruent to the totally geodesic immersion: 

e = 1 e = -1 

S 2 x R -► S 2 x S 2 M 2 x R -► M 2 x M 2 

(p,i) i ^ (p, (cost, sin t, 0)) (Pit) l— (p, (0, sinht, cosht)). 

Proof. Let 77 be a unit normal vector field of iV in M 2 (e) x M 2 (e), cr the 
second fundamental form of ^ and .ff the mean curvature. As is totally 
umbilical we have that 

a(v,w) = H{v,w)rj, Vv,w £TN. 
As H is constant, we obtain that 

(Va)(x,v,w) = 0, Vx,v,w £TN. 
Now the Codazzi equation of ^ says that 

R(x, v, w, 77) = 0, \/x,v,w £TN. 

Using this property for suitable vectors and that dimiV = 3, it is easy to 
get that one of the two components of 77 vanishes, and so, up to an isometry 
of M 2 (e) x M 2 (e), we can take 77 = (0,772). 

If ^ = (*i, ^2), then ^ and ^ = (^1, — ^2) are an orthogonal reference 
in the normal bundle of M 2 (e) x M 2 (e) in R 6 or M|. So for any v £ TN, 
taking into account that (^^(v),rj) = —{v,rj} = 0, we have that 

v ■ n = —A v v = —Hv. 
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So the map rj + H * : N -> R 6 is a constant A = (^i, A 2 ) G M 3 x R 3 = R 6 , 
and hence H^i = A\ and n 2 + = A 2 . As iV is a 3-manifold and ^ 
an immersion, 'I'i cannot be a constant and so H = which implies that 
^ is totally geodesic. Now the second equation says that n 2 = A 2 and so 
(^ 2 ,A 2 ) = (^,77) = with |A 2 | = I772I = 1. This proves that ^ 2 (N) is a 
geodesic of § 2 or H 2 and the proof finishes. □ 

As a consequence of this result we obtain that 

CMC-surfaces of M 2 (e) x R are surfaces of M 2 (e) x M 2 (e) 
mi/i parallel mean curvature vector. 

Other examples of PMC-surfaces of M 2 (e) x M 2 (e) can be constructed in the 
following way: given two regular curves a : I — > M 2 (e) and /?:/'—> M 2 (e) 
then 

$ : / x J' -► M 2 (e) x M 2 (e) 
$(*,*) = («(*),/?(*)) 
is an immersion of the surface I x I' whose mean curvature vector is given 

by 

H= 1 f(Ja',0) + 1 f(0,jp), 

where ' (respectively ' ) stands for the derivative with respect to t (respec- 
tively s), k a and hp are respectively the curvatures of a and (5 and we have 
assumed that \a'\ = \f3\ = 1. So we obtain that $ has parallel mean curva- 
ture vector if and only if a and (3 are curves of constant curvature. In that 
case, 4\H\ 2 = k 2 a + /c|, and hence <1> is minimal if and only if a and (3 are 
geodesies. It is interesting to remark that the induced metric on / x I' by 
is flat. 

Taking into account the curves of constant curvature of S 2 and H 2 we 
have that the above examples are, up to congruences, open subsets of the 
following family of complete and embedded PMC-surfaces: 

Example 1. When e = 1, the tori product of two geodesic circles 

T a ,a = {{x,y) e S 2 x S 2 /x 3 = a, 2/3 = 0}, < a < a < 1, a 2 + a 2 > 0, 

whose mean curvature satisfy 4\H\ 2 = + 

When e = — 1, we obtain three topological families of examples 

1. the tori product of two geodesic circles 

T a ,a = {{x, y) € H 2 x M 2 / x 3 = a, y 3 = a}, 1< a < a, 

whose mean curvature satisfy A\H\ 2 = -^rzi + ^#rr an d \H\ 2 > V^j 

2. the cylinders product of a geodesic circle and a hypercycle 

C a , b = {(x,y) e M 2 x M 2 /x 3 = a, y x = b}, b>0,a> 1, 
whose mean curvature satisfy A\H\ 2 = -^rzi + ^1 an d \H\ 2 > 1/4, 



6 



FRANCISCO TORRALBO AND FRANCISCO URBANO 



and the cylinders product of a geodesic circle and a horocycle 

C a = {(x, y) G H 2 x H 2 / x 3 = a, yi-y 3 = 1}, a > 1, 

whose mean curvature satisfy 4\H\ 2 = and \H\ 2 > 1/2. 

3. and finally the planes product of two hypercycles 

P b,b = {(*> J/) £ H 2 x H 2 / = b, yi = b}, b,b>0,bb^0 

whose mean curvature satisfy 4\H\ 2 = -gr^i + anc ^ \H\ 2 < V-^ 
the planes product of a hypercycle and a horocycle 

Pb = {(x,y) G M 2 x M 2 | xi = b, Vl - y 3 = 1}, b > 0, 

whose mean curvature satisfy A\H\ 2 = 2 gsjp and 1/4 < |ff| 2 < 1/2, 
and the plane product of two horocycles 

P = {(x, y) G M 2 x M 2 | x x - x 3 = 1, yi - y 3 = 1}, 

whose mean curvature satisfies \H\ 2 = 1/2. 

3. HOPF DIFFERENTIALS. 

In order to have a deep understanding of the geometry of M 2 (e) x M 2 (e) 
and of its surfaces we need to introduce the two Kahler structures that 
M 2 (e) x M 2 (e) has. We can define two complex structures on M 2 (e) x M 2 (e) 
by 

J 1 = (J,J), J 2 = (J,-J), 
whose Kahler two-forms are uj\ = tt\oj + tt^uj and U2 = — ~K\ijJ. Hence 

Li>i A UJ\ = —UJ2 A ii>2 = 2(it\uJ A TT^tu), 

and so J\ defines the chosen orientation on M 2 (e) x M 2 (e) and J 2 the op- 
posite one. 

Now, (M 2 (e) xM 2 (e), (, ), Jj), j = 1,2 are Kahler-Einstein manifolds. It is 
clear that if Id : M 2 (e) -> M 2 (e) is the identity map and F : M 2 (e) -> M 2 (e) 
is an anti-holomorphic isometry, then 

(Id,F) : M 2 (e) x M 2 (e) -► M 2 (e) x M 2 (e) 

is a holomorphic isometry from (M 2 (e) x M 2 (e), (, ), J\) onto (M 2 (e) x 
M 2 (e),(,),J 2 ). 

If $ = (0, ip) : E — > M 2 (e) x M 2 (e) is a PMC-immersion of an orientable 
surface E, then the Kahler functions on E, Ci, C2 : E — > R, associated to 
the complex structures Ji and J2 are defined by 

= Cj-we, i = 1,2, 

where ws is the area 2-form of E. It is clear that C 2 < 1 and that the points 
where C 2 = 1 are the complex points of $ with respect to the Jj complex 
structure. It is interesting to remark that C 2 is well defined even when the 
surface is not orientable. 
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Now it is easy to check that the Jacobians of 4> and i/j are given by 

Jac ((f)) = , Jac (V'J = - , 

and that the extrinsic curvature K = fl(ei, e 2 , e 2 , ei), where {ei,e2} is an 
orthonormal frame on T£, and the normal extrinsic curvature are given by 

K = e Ll+L \ R ± = e Cl ~ C2 . 
2 ' 2 

We consider a local isothermal parameter z = x + iy on S, such that 
<$ 2 , * g ) = {<t> z ,<t> z ) + (^ z ,ip z ) = 0, |$ 2 | 2 = |0 2 | 2 + |^ 2 | 2 = e 2 72, 
where the derivatives with respect to z and z are given by 

1 d d 1 d d 

dz= 2 { dx--% ) > ds= 2 { dx- + % ) - 

We define two Hopf differentials in the following way: 



9i(z) = ( 2<a(d 2 ,5 2 ),tf + itf) + ^^(J 1 <l> 2 ,tf + itf> 2 ) (<fe) 



9 2 (z) = \ 2{<T(d z ,d g ),H-iH) + -^{J 2 * g ,H-iHyj (dz) 2 , 

where a is the second fundamental form of <!>. 

To prove that these Hopf differentials are holomorphic when the surface 
has parallel mean curvature vector, we need to study the Prenet equations 
of our immersion $ : S -> M 2 (e) x M 2 (e) C M 6 (orR|). 

With the chosen orientation, {& x , H, H} is an oriented frame on 
$*T(M 2 (e) x M 2 (e)). Denoting 

f = ~^—(H-iH), 
^ s/2\H\ K 1 

we have that |£| 2 = 1, = 0, V -1- ^ = and is a reference of the 

complexified normal bundle. Using known arguments in theory of surfaces 
in Kahler surfaces (see for instance [6]) and taking into account the chosen 
orientations it is easy to prove that 

(3.1) J^ z = id*, + 7i£, Ji£ = -2e- 2u 7 1 $ 2 - iCtf, 

(3.2) J 2 $ 2 = iC 2 $ z + I2I M = -2e- 2u l2 $- z + iC 2 £, 

for certain complex functions jj, j = 1,2 which satisfy = 2 — 

As <3? := ((f), — if))} is an orthogonal reference along <I> of the normal 
bundle of M 2 (e) x M 2 (e) in R 6 when e = 1 and in when e = -1, we 
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easily get that the Frenet equations of the PMC-immersion are given by 
<§> zz = 2u z $> z + M + M - e^4, 

„2u „2u „2u 

<5>zz = —H - e— $ - e _CiC 2 $, 

for certain complex functions fj,j=l,2. 

Now, after a long and straightforward computation and taking into ac- 
count the definitions of Cj and jj, j = 1,2 given in (3.1) and (3.2), the 
integrability conditions of the above Frenet equations (<b zzz = & ZZ z and 
izz = izz) are given by 

' 4u zS + e 2u {\H\ 2 + - 4e" 2u (|/ 1 | 2 + |/ 2 | 2 ) = 0, Gauss 

(3.3) I ee 4 «((^-Cf)-8(|/ip-|/ 2 | 2 ) = 0, Ricci 
, {lj)z = Zuz^j - MCjfj, j = 1, 2, 



(3.4) 



I Ff\ p 2u C 'v 

(Cj), = 2ie' 2u f j j j - *^i 7 „ (f^ = ie—^, 

V2 7 = 12 

i\H\C^ , |2 e 2 ni-C7|) 3 



^2 ' " Jl 2 

But the third equation in (3.3) can be easily deduced from the equations 
in (3.4) and from that equation and using again (3.4) we obtain Gauss and 
Ricci equations. So, really, the integrability conditions of the above Frenet 
system are (3.4). 

Proposition 2. Let $ : £ — > M 2 (e) x M 2 (e) 6e a PMC-immersion of an 
orientable surface S. TTten 0-,-, j = 1,2, are holomorphic. 

Proof. Using the functions defined above, the Hopf differentials @j, j = 1, 2, 
can be written as 

@ j =(2V2\H\f j + ^]) (dzf, .7 = 1,2. 

Now, from the integrability conditions we obtain that (iy/2\H\fj + €7 2 ^ _ = 
0, which proves the Proposition. □ 

From (3.1) and (3.2) we have that (Ji<E> 2 ,£) = (J 2 ^ z ,0 = 0, and then 
the Hopf differentials can also be written as 



0i(z) = ( 2(a(d z ,d z ),H + iH) - -—(J^H) 2 ) [dz)\ 



G 2 (z) = [2(a(d z ,d z ),H - iH) - —^{J 2 ^ Z ,H) 2 ) (dzf 
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In the following result we compute these Hopf-differentials in the examples 
described in section 2. 
Lemma 1. 

1. Let $ : S -> M 2 (e) x R ^ M 2 (e) x M 2 (e) 6e a CMC-immersion. Then 
©i = @2 = 20ar, where @ar is the Abresh-Rosenberg holomorphic dif- 
ferential associated to <3? (see [l]j. 

2. Ze£ $ : / x 1' -> M 2 (e) x M 2 (e) 6e i/ie product of two curves <&(t, s) = 
(a(t), (3(s)) of constant curvatures k a and hp respectively. Then 

0J = 'le^p 12 ^ + { ~ l)Hkfi)2 {dz)2 ' j = 1>2 - 

Proof. First we prove (1). It is clear that, in this case, 77 = (0,(0,0,1)) 
(respectively rj = (0,(1,0,0))) when e = 1 (respectively e = —1) is a unit 
normal field to the totally geodesic immersion M 2 (e) xl^ M 2 (e) x M 2 (e) 
given in Proposition 1. So H = \H\rj. If cr is the second fundamental form 
of £ in M 2 (e) x R, then <r = cr and then 

(a(d z ,d z ),H + iH) = (a(d z ,8 z ),H - iH) = (a(d z ,d z ),H). 

Also, if = ((f), rj), from a direct computation we have that (Ji& z ,H) = 
\H\r) z and (J 2 ®z,H) = \H\r) z . 

Finally, from the second expressions of Qj, we get that 

6i = e 2 = (2(a(d z , d z ), H) - e( Vz f) (dz) 2 = 2@ AR . 

We remark that, in this case, the functions appearing in the Frenet equations 
are given by f 1 = f 2 ,j 1 = 72 and so C x = C 2 . 

The proof of (2) is trivial. □ 

From the integrability conditions we can get some properties and formulae 
about PMC-surfaces which will be used in the next sections. 

• First, from the Gauss and Ricci equations joint with 4u zz = —Ke 2u it is 
easy to deduce that 

4m 

(3.5) \ fj \2 = _ m 2_ K + eC 2 X j = 12 

These equations say that 

K < \H\ 2 + 1, when e = 1 

and the equality is attained in a point p if and only if for some j £ {1,2} 
fj(p) = and C](p) = 1. Also 

K < \H\ 2 when e = -1 

and the equality is attained in a point p if and only if for some j G {1,2} 
fj(p) = and Cj(p) = 0. 
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Second, using (3.5) and the integrability conditions, we obtain the follow- 
ing relation between | Qj \ 2 and | VCj \ 2 

|VC/ + 4ee- 4u |e/ = 



(l-C 2 + 4e\H\ 2 ) ( 4 ll + \H\ 2 + eC]-K}, j = l,2. 



• Also, from the integrability conditions, it is easy to compute the Laplacian 
of the Kahler functions Cj, obtaining 

(3.7) AC j = -C J (4\H\ 2 -2K + e(l + C 2 )), j = 1,2. 

This means that Cj satisfies the equation (A + F)Cj = where F = 
A\H\ 2 — 2K + e(l + C 2 ). Then, using the Nodal Courant Theorem, we 
have that either Cj = or the set {p G £ | Cj(p) = 0} is a union of curves. 
In particular its interior is empty. 

• To finish this section, it is interesting to remark that {p G £ /C 2 (p) = 
1}, i = 1, 2 has empty interior, because if not, its interior is a non-empty 
complex surface and so it is minimal, contradicting that \H\ is a positive 
constant on S. But, under certain restrictions on the curvature of the 
surface, we can get more properties of these sets. 

Proposition 3. Let $ : S -> M 2 (e) x M 2 (e) be a PMC-immersion. If 
K(p) / e, for any p G S, i/ien {p G S| C 2 (p) = 1} ; j = 1,2 are sete o/ 
isolated points. 

Proof. As the points p with C 2 {p) = 1 are critical points of the function Cj, 
we are going to study the degeneracy of these points. 

Let po be a point with Cj(po) 2 = 1, with j G {1, 2}. Then jj(po) = and 
from the integrability conditions (3.4) one gets that 

(Cj) zz (p ) = -2V2\H\f( Po )C( Po ), 

(C 3 U(po) = - Cj(P0)e 7 P0)|g|2 " 4C<>o)e- 2 ^°)|//(po). 

If @j(po) = 0, then fj(po) = and so the determinant of the Hessian of Cj 
at po is given by \H\ A e^P^ which is not zero. Therefore, in this case, po is 
a non-degenerate critical point. 

If Qj(po) 7^ 0, in a neighborhood of po we can normalize Qj = A G C*. 
In particular A = 9j(po) = 2\/2|i? |/j(po)- In this case we get that the 
determinant of the Hessian of Cj at po is 

4 /| A i^)_ |g|2e2 ,, wl y 

So the critical point po is degenerate if and only if |A| 2 = |ii~| 4 e 4M ( p °). But 
from (3.5) we obtain 

|A| 2 = \H\ 2 e 4u ^(\H\ 2 + e-K( Po )), 
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and hence po is degenerate if and only if K(pq) = e. As the non-degenerate 
critical points are isolated, we finish the proof. □ 



4. Main Results 

The integrability equations given in the previous section allow to relate, 
at least in the simply connected case, PMC-immersions in M 2 (e) x M 2 (e) 
with pairs of CMC-immersions in M 2 (e) x R with the same induced metric 
and the same length of the mean curvature. We concrete this relation in the 
following result. 

Theorem 1. Given a simply- connected Riemannian surface (T,,g), there 
exists a 1:1 correspondence [<J>] <-> ([3>i], [$2]), between congruent classes 
of PMC-isometric immersions $ : — ► M 2 (e) x M 2 (e) and pairs of 
congruent classes of CMC-isometric immersions $1, $2 : (E, 9) — * M 2 (e)xl 
with \H\ = \H\\ = I #2 1, where H is the mean curvature vector of & and Hj, 
j = 1,2 are respectively the mean curvatures of&j, j = 1,2. The Abresh- 
Rosenberg differentials ® 3 AR associated to the pair of CMC-immersions <&j, 
j = 1, 2, and the two Hopf differentials @j, j = 1, 2 associated to the PMC- 
immersion $ are related by 26"^ = @j, j = 1, 2. 
Moreover, [$1] = [$2] if and only if <3? factorizes 

$ : £ -> M 2 (e) xRh M 2 (e) x M 2 (e) 

through a CMC immersion in M 2 (e) x R. 

Proof. In order to proof this result we are going to use the integrability 
equations (3.4) for PMC-conformal immersions given in the previous section 
and the corresponding ones for CMC-immersions in M 2 (e) x R given in [2]. 
As we work with conformal immersions we are going to use the conformal 
version of these equations obtained in [7], which can be described as follows. 

Let ^ = (tp, rj) : (£, g) — ► M 2 (e) x R be a CMC-isometric immersion with 
mean curvature H and z = x + iy a local isothermal parameter such that 
g = e 2u \dz\ 2 . Then the Frenet equations of : £ — > M 2 (e) x R C R 3 x R 
(or R 3 ) are given by: 

= 2u z V z + pN + er? 2 ^ 

2u / 2m \ 

(4.1) ^-=^-i?7V + 6^ 2 | 2 -^-J* 

where ^ = (^, 0), N is a unit normal vector to the immersion Vt, p is a 
complex function and z/ is a real function defined by v = (N, (0, 1)). The 
integrability equations of this Frenet system are given by (see [7, Theorem 
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2.3] for more details): 

t 

2 



e 2u 

Pz = e—ur] z , v z = -Hrj z - 2e~~ 2u pr] z 



(4.2) 



p 2u p 2u 

Vzz = —Hu, \rj g \ =—(l-i/) 



Now we prove the result. Let $ : (S,g) -> M 2 (e) x M 2 (e) be a PMC- 
isometric immersion of a simply-connected oriented surface £ and z an 
isothermal parameter such that 5 = e 2 "|dz| 2 . Using (3.4) it is followed 
that i{^j)z is a real function and so, because £ is simply-connected, there 
exists a function r/j such that ijj = V2(rjj) z , j = 1,2. We consider the data 

(u, Hj = \H\,Vj = Cj , rjj , pj = V2fj) , j = 1,2. 

From (3.4), it is followed that these data satisfy (4.2), and so there exist 
two CMC-isometric immersions $>j : (E,</) — ► M 2 (e) x R with = \H\, 

i = 1,2. 

Moreover, it is easy to check that if $ is congruent to then the corres- 
ponding <J>j and tyj are also congruent for j = 1, 2. 

Conversely, let = (<pj,rjj) : (£,5) — > M 2 (e) x R be two CMC-isometric 
immersions with \H\\ = |iT 2 | and z an isothermal parameter with g = 
e 2u \dz\ 2 . We may suppose, composing with an appropriate isometry if nec- 
essary, that Hi = H2 > 0. We consider data 

(u, \H\=Hi = H 2 , Cj = Uj, 7j = -iV2(r,j) z , f, ^= : ./ 1, 2) . 

From (4.2), it is followed that these data satisfy (3.4), and so there exists a 
PMC-isometric immersion $ : (£,#) -»■ M 2 (e) x M 2 (e) with \H\ = \Hi\ = 

\H 2 \. 

Moreover, it is easy to check that if <frj are congruent to tyj, j = 1, 2, then 
the corresponding <3? and \E' are also congruent. 

Secondly, as the Abresh-Rosenberg differential for CMC-surfaces can be 
expressed as @ J AR = (\Hj\pj — ^(rjj) 2 )(dz) 2 and the Hopf differentials for 

PMC-surfaces as @j = (2y/2\H\fj + §7^ (dz) 2 , using the above relations 

between the data, we obtain that 2Q J AR = @j, j = 1, 2. 

Finally, if [$1] = [$ 2 ], then $i,$ 2 : (£,#) M 2 (e) x R are two CMC- 
isometric immersions satisfiyng <3?2 = $1, where F is an isometry of 
M 2 (e) x R. Then, given an isothermal parameter z, and possible up to a 
congruence, we can take the data of 3>j as |iJi| = |-ff 2 |, f?i = p 2 , v\ = v 2 and 
7/1 = r]2- Therefore the associated PMC-isometric immersion <I> = ((f), tp) : 
(£,5) -»• M 2 (e) x M 2 (e) has /1 = / 2 , 71 = 72 and d = C 2 . Now as 
H = £ — £, from the Frenet equations we obtain that the derivative of 
the function H : £ — > R 6 (orRrj) is given by 

i\H\ . 
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So H = A for some vector A £ M 6 (orM^) with \A\ = \H\ > and hence 
= ($,#) = ($,A) and = ($,#) = (6, A). Now if $ = (</>,^) and 
A = (Ai, A 2 ), we finally get (0, A x ) = {ip, A 2 ) = 0. If A 2 = 0, we have that 
Ai 7^ and so Jac (0) = and hence C\ = — C 2 which is not the case. So 
A 2 / and (Y>, A 2 ) = 0, which implies that V lies on a geodesic of M 2 (e). 
Hence, in this case, the immersion <I> factorizes through the totally geodesic 
hypersurface M 2 (e) x R as a CMC-surface. 

Conversely given a PMC-immersion $ : (£,<?) — > M 2 (e) x M 2 (e) such 
that $ factorizes through the totally geodesic hypersurface M 2 (e) x R then 
from the proof of Lemma 1 we have that the data of <E> satisfy f\ = / 2 , 
7i = 72 and C\ = C 2 . Hence, the corresponding data of $1 and $ 2 are the 
same and so they are congruent, i.e. [<E>i] = [$ 2 ]. □ 

The examples of product of curves of constant curvatures given in Exam- 
ple 1 satisfy that C\ = C 2 = and so in particular they are Lagrangian 
PMC-surfaces with respect to both complex structures. In the following 
result we classify (even locally) those PMC-surfaces of M 2 (e) x M 2 (e) which 
are Lagrangian with respect to some of the complex structures. 

Theorem 2. Let <I> : £ — ► M 2 (e) x M 2 (e) be a PMC-immersion of a surface 
E . If is Lagrangian with respect to some of the Kahler structures J\ or J 2 , 
then <!>(£) is an open subset of some of the examples described in Example 1. 

Remark 1. This result is a generalization of Theorem 1 in [4], where the 
authors proved the result when e = 1, i.e. when the ambient space is S 2 x S 2 
and the surface is compact. 

Proof. Taking the two-fold oriented covering of X if necessary, we can assume 
that £ is orientable. Without lost of generality we suppose that $ is a 
Lagrangian immersion with respect to J±, i.e. C\ = 0. Now, it is clear that 
J\H is a parallel tangent vector field to £ and hence £ is fiat, i.e. K = 0. 

Now we are going to prove that the another Kahler function C 2 vanishes 
too and to do that we consider the holomorphic differential 2 . 

First, if 2 = 0, then from (3.6) and as K = one obtains that 



Hence the last two equations say that the function C 2 is isoparametric. Now 
we follow a standard reasoning. We work on the open set U where VC 2 / 0. 
We are going to prove that U = and so C 2 must be constant. As K = 0, 
the Bochner formula says that 




As K = 0, (3.7) becomes in 



AC 2 = -C 2 (4|^| 2 + e(l + C 2 2 )). 




i=i 
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where {ei,e2} is an orthonormal frame on U, and where we can take e± = 
VC2/IVC2I. Using the last two equations, i.e. that C 2 is isoparametric, it 
is not difficult to check that the Bochner formula becomes in 

= (4|#| 2 + e(l - Cf )) (3e(e + 4|#| 2 ) 2 - 18(e + 4|#| 2 )C 2 - eC 2 4 ) 

So C2 on {7 satisfies the above non trivial polynomial and therefore C 2 must 
be constant on each connected component of U, which is impossible because 
VC2 7^ on U. We have proved that U = 0. Therefore C2 is constant. But 
(£2)2 = implies that (1 — C|)/2 = ^j72- From here and (3.5) one obtains 
that Cf = elf = 0. So in this case our immersion <E> is also Lagrangian with 
respect to J2. 

Secondly if 02 7^ 0, then it has isolated zeroes. In this case from the 
integrability equations, the 1-differential 

T(z)= 7l (z) (dz) 

is also holomorphic and without zeroes. Therefore 02/T 2 is a holomorphic 
function. Let p a point with 02 (p) 7^ 0. Then in a connected neighborhood 
U of p we can normalize this holomorphic function as 

9 2 /T 2 = A, AG M*. 

Hence | ©2 1 2 = A 2 |T| 4 . Now, from (3.6), the integrability equations and the 
facts that C\ = and K = we get 

|VC 2 | 2 = (1 - C 2 + Ae\H\ 2 ) ( e(1 ~ C2) + \H\ 2 + eC 2 ) - ^. 

As K = 0, (3.7) becomes in 

AC 2 = -C 2 (MH\ 2 + e(l + C 2 )). 

In this second case the last two equations say that the function C 2 is also 
isoparametric on U. 

Then, following a similar reasoning as in the first case, we obtain that 
C 2 = on U. As this can be done at any point of S except at the isolated 
zeroes of 02, we conclude, in this second case, that our immersion $ is also 
Lagrangian with respect to J 2 . 

As a consequence, Jac {(f)) = Jac (tp) = and the immersion $ is the 
product of two curves. As the mean curvature is parallel we obtain the 
result. □ 

As we showed in the proof of Lemma 1, PMC-surfaces of M 2 (e) x M 2 (e) 
coming from CMC-surfaces of M 2 (e) x R have C\ = C 2 and in particular 
their extrinsic normal curvatures K 1 - = C\ — C| vanish. Next theorem 
classifies the PMC-surfaces of M 2 (e) x M 2 (e) such that K 1 - = 0. Beside the 
above family, an interesting family of examples appears in the classification 
which we describe in the next result. 
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Proposition 4. Let a, b, c be real numbers with b > and h : I C E — > E a 
non-constant solution of the O.D.E. 

(4.3) (/i') 2 (^) = (a " ^0*0) ((a " ^0*0) " e&(l + (M*) " c) 2 )) , 

satisfying e(a — h?(x)) > 0, Vx € I. T/ien 

$ = (<^) : / x E -► M 2 (e) x M 2 (e) 
where ip(x,y) = tp(x) is the curve in M 2 (e) parametrizes by \ip'(x)\ 2 = 6(1 + 
(h(x) — c) 2 ) and curvature K^(x) = ^^"(t)^ and <f> : I xM. ^ M 2 (e) 
is given by 

1. Ifa> 0, 

<p(x, y) = -j= (y 7 e(a - /i 2 (x)) cos(^/ay), y 7 e(a - /i 2 (x)) sin(\/ay), /i(x)) , 

2. If a < (which implies e = —1), 

(p(x,y) = ~^j= {^{ x )i \/h 2 {x) — asinh(\/— ay), \/h 2 (x) — a cosh(\/— ay)^ , 

5. // a = (which implies e = — 1), 

<f>{x, V) = ((y 2 - l)/i 2 (a:) + 1, 2y/i 2 (x), (y 2 + l)h 2 (x) + l) , 

zs a PMC-immersion. 

All the examples described above satisfy 4\H\ 2 = b, C\ = C2 with C 2 = 
(a-K 1 )' 1 ' th e V are conformal immersions with the induced metric given by 
e(a — h(x) 2 )(dx 2 + dy 2 ) and the Hopf differentials given by 
eb 
1 



Q j = —(a + l-c 2 + 2(-l) j ic)(dz) 2 , j = 1, 2. 



Remark 2. 

1. Following Proposition 4, the constant solutions of equation (4.3) satis- 
fying e(a — h 2 ) > produce the PMC-surfaces of M 2 (e) x M 2 (e) with 
C\ = C2 = 0, and so, from Theorem 1, they are the examples described 
in Example 1. 

2. All the previous examples are invariant under the 1-parametric group of 
isometries {1(9) x Id, 9 G E} of M 2 (e) x M 2 (e), where 1(9) : M 2 (e) -► 
M 2 (e) is the isometry given by: 

a > a<0 a = 

'costf -sinfl (A /l 
sin 9 cos I I cosh 9 sinh # 

1/ \0 smh0 cosh - / 

Proof. First it is easy to check that, in the three cases, 

\A u2\ ,J,/1 , tu „\2m 11 |2 _ ,/, , ,,2 




e[(a - h 2 ) - eb(l + (h - c)% \<p y \ 2 = e(a - h 2 ) 

(<f>x, <t>y) = 0, (</>x, 4>xy) = 0, {(fry, <t> xy ) = -ehh! 
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and hence \& x \ 2 = l^l 2 = e(a - h 2 ) and ($ x ,$ y ) = 0, which say that $ is 
a conformal immersion. Now from a direct computation we have that 

bh'(h — c) 2 . , ,2x < 

ra + <Ara = 1^-|2 ^ - e(|0x| + \<Py\ )<P- 



Also, the definition of the curve ip means that 

bh'(h-c) eb(a-h 



2\ 



4>xx + 4>yy = tpxx = j^-p Tpx j^-p J ^x ~ e\4>x\ 4>- 



So therefore, as $ is a conformal immersion, H = {<& xx + Q yy ) T /2e(a — h 2 ), 
where () T denotes the tangential component to M 2 (e) x M 2 (e). Using the 
above formulae we get 

1 / bh'(h-c) A bh'(h-c) l eb(a - h 2 ) T f 
fl " 2 e (a - /* 2 ) V i^F"^' " l^l 2 ^ 

From this equation the length ofi/is|.ff| 2 = &/4 and after a long straight- 
forward computation we obtain 

- b(a - ch) - u _ bh(h - c) 

which proves that H is parallel in the normal bundle. 

Finally in order to compute the Hopf differentials we only need to know 
that 

~ _ 1 fbh/_ bti l be(a - h 2 ){h -c) 

H ~ 2e(a - h 2 ) ~\^xj Wx? 

□ 

Now, we are going to analyze the solutions of equation (4.3). As the 
degree of the polynomial appearing in it is less than 5, the solutions are 
elliptic functions which can be obtained knowing the roots of the polynomial. 
It is clear that every solution h of equation (4.3) have not to satisfy the 
condition e(a — h 2 ) > 0, which is necessary to define a PMC-surface (without 
singularities) . 

If we denote by p(t) = a-t 2 and q(t) = -(l + eb)t 2 + 2ebct-eb(l + c 2 ) + a, 
the equation (4.3) becomes (h') 2 = p(h)q(h). The condition e(a — h?) > 
means that ep(h) > and so we obtain that eq(h) > on certain interval of 
R. This inequality of the two degree polynomial q(h) gives us the restrictions 

(l + 6)(o-6) > be 2 if e = +1 

(4.4) be 2 > {b- l)(o + 6) if e = -1 and 4|F| 2 = b > 1 

c / or a < -1 if e = -1 and 4|F| 2 = b = 1 

about the parameters a, b and c. On the other hand, it is possible to obtain 
all the solutions of equation (4.3) in terms of Jacobi elliptic functions (see 
[3]) and a deep analysis of them shows that the conditions appearing in 
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(4.4) are also sufficient in order to the solutions of equation (4.3) satisfied 
e(a - h 2 ) > 0. So 

The solutions h of the equation (4.3) verify e(a — h 2 ) > if 
and only if the parameters a, b and c of the equation satisfy 
the restrictions (4.4). 
The integration of equation (4.3) is not complicated but it is very long, 
because the roots of the polynomial appearing in the equation are of different 
nature depending on the values of the parameters a, b and c and hence 
the solutions of the equation are also of different nature. To illustrate the 
integration, we are going to integrate it in a particular case because the 
solution will produce a nice 1-parameter family of PMC-surfaces of M 2 (e) x 
M 2 (e). 

Example 2. We consider, in equation (4.3), e = —1, c = 0, b = 1 and from 
(4.4) a < — 1. In this case the equation becomes in 

(h') 2 (x) = (a + l)(a-h 2 (x)) 

and the solution h with /i(0) = is given by 



h(x) = \J — asinh(y / — (1 + a)x). 

Hence e(a — h 2 ) = — acosh 2 (y / — (1 + a)x), and denoting A = + a) we 

get, from Proposition 4, that for all A > 0, <J> A = (4>,tp) : M 2 -> H 2 x H 2 
given by 

4>(x,y) = ^sinh(Aa;), cosh(Ax) sinh(\/ 1 + \ 2 y), cosh(Ax) cosh( \J 1 + A 2 y)^ 

and tp(x,y) = tp(x) the curve in H 2 parametrized by |^'| 2 = 1 + (1 + 
A 2 ) sinh 2 (Ax) and with curvature k$ = ~^ 1+X ^°i h — is a PMC-conformal 
embedding of the complete surface (M 2 , (1 + A 2 ) cosh 2 (Ax) (fix 2 + dy 2 )) with 
A\H\ 2 = 1, 0i = 62 = ^-(dz) 2 . The Gauss curvature of this metric is given 
by K(x) = co ^i( Xx ^ ■ When A = 0, that is a = —1, $0 is the product of a 
geodesic and a horocycle, i.e. Pq in example 1. 

Theorem 3. Let $ : S —> M 2 (e) x M 2 (e) be a PMC-immersion of a surface 
S. Then the extrinsic normal curvature vanishes, K 1 - = 0, if and only if 
is locally congruent to 

1. a CMC-surface of M 2 (e) x R, 

2. one of the examples described in Example 1, 

3. one of the examples described in Proposition 4. 

Remark 3. Although K 1 - is well defined only for orientable surfaces, the 
equation K 1 - = 0, which sense even for non-orientable 

surfaces. 

Proof. First, it is clear that the examples given in 1) and 2) satisfy K 1 = 0. 
Also, from Proposition 4, the examples given in 3) satisfy K x = 0. 
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Suppose now that K 1 - = 0, i.e. C\ = Cf • Taking the two-fold oriented 
covering of S if necessary, we can assume that £ is orientable. 
From (3.7) we have that 

(A + F)(Ci-C 2 ) = 0, 

where F = 4|F| 2 - 2if + e(l + C\) = 4|#| 2 - 2if + e(l + Cf ). Now using 
the nodal Courant theorem, we obtain that either C\ = C2 or ^4 = {p G 
^ I Ci(p) = C2(p)} is a set of curves in £ and so as C 2 = C| we have 
that C\ + C2 = on £ — A and hence on X. So we have two possibilities: 
C\ = C2 or C\ = — C2. It is clear that the surfaces with C\ = —C2 can 
be obtained as the images of the surfaces with C\ = C2 under the isometry 
F : M 2 (e) x M 2 (e) -> M 2 (e) x M 2 (e) given by F(p,q) = (q,p). 

Hence, we can assume that C\ = 6*2. Then using the integrability equa- 
tions (3.4) we have that the 1-differential 

n(z) = (^(Z) ~ ll(z))dz 

is holomorphic. So either 0, = or f2 has isolated zeroes. In the first case 
we have that 71 = 72 and using that (Ci) z = {p2)z we obtain that f\ = f2- 
Now, as in the proof of Theorem 1, it follows that $ factorizes through a 
CMC-immersion of M 2 (e) x M, and we obtain the case 1). 

Now we study the case in which the holomorphic differential is nonzero. 
Outside its zeroes we can normalize it as 72—71 = 2\^2\H\. As C\ = C2 we 
have that |7i| 2 = I72I 2 and so 5ft (71) = —y/2\H\. Hence 

71 = -\f2\H\ + ig, 72 = -71, 
for certain function g : S — > ML Now, using the integrability equations (3.4) 

2u 

we obtain that g z = —^\H\Ci, which implies that g(x,y) = g(x) and it 

satisfies g' = —V2e 2u \H\Ci, where ' stands for d/d x . So from this equation 
and e 2u (l - Cf) = 2(2\H\ 2 + g 2 ) we deduce that u and C\ also satisfy 
u(x,y) = u(x) and C\(x,y) = C\{x). 

Now, as (7^)2 = (lj)zi j = lj 2, using again the integrability equations we 
have that u'jj — 2iCjfj = — % -^\H\Cj, j = 1, 2. As C\ = C2 and 72 = —71, 

the above equations imply that C\(f\ — f'2) = 0. Hence we have that either 
C\ = C2 = and $ is the product of two curves of constant curvature and 
we prove 2) or Cj~ 1 ({0}) is a set of curves and so f\ = /2 on S — Cf 1 ({0}) 
and then on S. 

Now we study this third case: C\ = C2 non-null and /1 = /2- As C\ is a 
function of x and (A + F)(C*i) = 0, then the zeroes of C\ are isolated. As 
7 2 = 7I, /1 = /2 and the Hopf differentials are holomorphic, we obtain that 
61 = ii(dz) 2 and 62 = jl(dz) 2 for certain complex number fi. This says that 



2V2\H\h + \l\ = V- 
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In this situation, it is not difficult to see that the integrability conditions (3.4) 
imply that 

(4.5) u - Cl( W + 7^T } ' 

e 2u {l - Cl) = 4\H\ 2 + 2g 2 , g' = -V2e 2u \H\d. 

We are going to integrate the Frenet equations. First of all, from (3.1) 
and (3.2) we obtain that J^ z - J 2 <3> 2 = 25R(7i£) and J^ z + J 2 ® z = 
2iC\Q z + 2zQ(7i£). So, taking into account the definitions of Jj, we get 
that (0, Jip z ) = 5ft (7if ) and (J<f> z , 0) = iC^ z + i9 (71^). Hence 

(4.6) Jtpy = 0, i.e. tp(x, y) = ip(x), and J(j> x = Ci4> y . 

On the other hand, as /1 = /b, from the Frenet equations we have that 

<S> ZZ = u'<D 2 + 25ft (M) + e 1 ^ lj 3>, 

which implies, considering the imaginary part of this equation, that & xy = 
u'&y. This equation is irrelevant for the component ip, but for the other 
component 4>, the equation <f> xy = u'<p y can be integrated to obtain that 

(4.7) cf>(x,y) = e u ^F( y ) + G(x), 

for certain vectorial functions F and G. 

From the second equation of (4.6) and (j> xy = u'4> y it is easy to get that 

u' 

<f>yy + 7^2 < t>x + ee 2u <f> = 0. 

This equation joint with (4.7) say that the function F satisfies the following 
O.D.E. 

F " {y) + ( cW + ee2U{X))F{y) + d{x) = °' 

for certain vectorial function G. From here, and taking derivatives with 

respect to y and x we get that = (<^§p + ee 2u{ - x )' F' (y) . But e 2u = 

\§ y \ 2 = 1 4>y\ 2 = e 2u \F'\ 2 , which implies that \F'\ 2 = 1. So from the above 
equations we finally obtain that 

(4-8) + ee 2u{x) = a € R, G(x) = -G G K 3 (M 3 ), V(x, y) G E, 

and so finally F satisfies the following O.D.E. 

F"(y) + aF(y) - G = 0. 
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The solution of this equation is given by 

F(y) = cos(yfay)Hi{x) + sm(yfay)H 2 (x) + — , a > 0, 

F(y) = cosh(v / — ay)Hi(x) + sinh(\/— ay)H 2 (x) H , a < 0, 

F(y) = ^G +yH 1 (x)+H 2 (x), a = 0. 

Using that \F'\ = 1 in these equations we obtain Hi and H 2 are constant, 
that is, Hi(x) = Hi, i = 1,2 and that 

|#i| 2 = \H 2 \ 2 = l/a, (H 1 ,H 2 ) = 0, a>0, 
\Hi\ 2 = -\H 2 \ 2 = l/a, {H 1 ,H 2 ) = 0, a < 0, 
|fTi| 2 = l,|G | = 0, <#i,G o )=0, a = 

Using this information in (4.7) we obtain that 

cj){x, y) = e u ^ cos(V^/)#i + e u{x) sm(^y)H 2 + G{x), a > 0, 
<f>(x, y) = e a{x) cosh( v /z ^y)-H'i + e u{x) sinh(V^y)H 2 + G(x), a < 0, 

<f>(x, y) = e u ^^G + e^yH, + G{x), a = 0. 

As ((f), 4> y ) = 0, we deduce from the above equations that (G(x),Hj) = 0, j = 
1, 2, (G(x), Go) = —e a<yX \ Now, up to an isometry in R 3 or R 3 we can choose 
Hi = (1/^,0,0), H 2 = (0,1/^,0) and G = h(x)(0, 0, l/y/a) when a > 0, 
H x = (0,0, l/y/=a), H 2 = (0,l/>/=o,0) and G = /i(x)(l/ v / ^a, 0, 0) when 
a<0, andF 1 = (0,1,0), G = (1,0,1) and G= (^,0,i^ + e"W) 
when a = 0, for certain function h. Therefore, the above equations become 
in 



a > 



cf>(x,y) = -^(e u ^ cos(v^y),e u W sin(^y), h(xj) , 
0(x, y) = — L= (7i(z), sinh(>/=Hy), e u(:r) cosh( v /z ^y)) , a < 



e 



«<*> - 1 - (x) w , 1 - gfr) 



Id = ^— ^ + - jj^, — ✓ + + ) .o = 

where /i(x) 2 + ee 2 "^ = a. 

To study the curve tp( x )i from (4.6) and as \(j) y \ 2 = e 2u we have that 

l^l 2 = e 2u -\<p x \ 2 = e 2u -\ J^| 2 = e 2 "-C 2 |0J 2 = e 2u (l-G 2 ) = 4\H\ 2 +2g 2 . 
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Moreover, taking into account the Frenet equation for (3.1) and (3.2) 
we have: 

(ipxx, Wx) = <4*«, (0, jyg) = 2e 2u (H, (0, Jip x )) = 

e 2u \H\ 

= V2e 2u \H\(£ + £ (0, J^)) = -7=r4(7i + 7i) W*, J^x) = 

= |-L_(-2|^| 2 e 2 -)|^| 2 = "^^l^l 2 = -MH\ 2 e 2u 

and so ^(x) = -4\H\ 2 e 2u /\^ x \ 3 . 

To check that these examples are the given in Proposition 4, we only need 
to get the O.D.E. that h satisfied. From (4.8) and as h 2 + ee 2u = a, we have 
that h = and so (4.5) implies that h = - ~^fy From ( 4 - 5 ) 

again we get that h! = e 2u Ci and then using one more time (4.5) we get 
(h!f = C 2 x e Au = e 2u (e 2u - 4\H\ 2 - 2g 2 ) 

= (a- h 2 ){a -h 2 - eA\H\ 2 {l + (h + e^r) 2 ). 



Now, if we define b = A\H\ 2 and c = — e |rj^p , we obtain that h satisfies the 
equation of Proposition 4 and the curve ip(x) satisfies 

W\ 2 = m 2 =Kl + ih-c) 2 ) and k^ = - eb{a m f\ 

So, in this third case our surface is one of the examples described in Propo- 
sition 4 and we have finished the proof. □ 

Theorem 4. Let $ : £ — > M 2 (e) x M 2 (e) be a PMC-immersion of an 
orientable surface S. The Hopf differentials vanish, i.e. Q± = 02 = 0, if 
and only if one of the three following possibilities happens: 

1. lies mM 2 (e)xR as a CMC-surface with vanishing Abresh-Rosenberg 
differential, 

2. e = —1, 4\H\ 2 = 1 and locally <3? is the product of two hypercycles a and 
(3 ofM 2 with curvatures k 2 a + hp = 1, 

3. e = -I, A\H\ 2 < 1 and locally $ is $ = (<Ao,V>o) : (-vr/2,vr/2) xR^ 
tfxi 2 , where 

1 / y \ 

4>o(x,y) = sinx,sinh — — , ens h 



cosx 



^1-2|#| 2 ' y/l-A\H\ 2 J ' 



and ipo is the curve in M 2 given by Wn(x)\ = , 2 ^= and with 

yl— i\H\ 2 cosx 

curvature k (x) = — 

Remark 4. <E>o is a conformal embedding and the induced metric 
(i-4\h} 2 )cos 2 x (dx 2 + dy 2 ) is complete and with constant curvature 4\H\ 2 — 1. 
Moreover C\ = Cf = 1 - 4\H\ 2 . 
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In [10] Leite described, for \H\ 2 < 1/4, a CMC-isometric embedding of 
the hyperbolic plane with constant curvature 4\H\ 2 — 1 in H 2 x M and with 
vanishing Abresh-Rosenberg differential. So we have two non-congruent 
PMC-isometric embeddings of the hyperbolic plane with constant curvature 
4\H\ 2 - 1 into H 2 x M 2 . 

Proof. Suppose that 8i = 9 2 = 0. Then we have that 16\H\ 2 \fj\ 2 = 
j = 1,2, which means that 

,,2 2 (1-C 7 2 ) 2 

(4.9) \H\ 2 + ^-K = -^L_, j = 1,2. 

From this equation we easily get that 

(C 2 - C 2 ) (l6e|F| 2 + (1 - C 2 ) + (1 - C 2 )) = 0. 

If e = 1, from the above equation we obtain that C\ = C|. If e = — 1, on 
the open set O = {p <E X | C 2 (p) / C 2 (p)}, we have that 

(4.10) C\ + C| = 2(1 - 8|#| 2 ). 

But on O, CiVCi = — C2VC2, and then using (3.6), (4.9) and the integra- 
bility equations (3.4) we obtain that 

C 2 (l - C 2 )(l - C\ - 4\H\ 2 ) 2 = C|(l - C|)(l - C\ - A\H\ 2 ) 2 . 

As on O, 8\H\ 2 / 1, using (4.10) we obtain that Cj, j = 1,2 satisfy a non- 
trivial polynomial of degree 6, which implies that Cj, j = 1,2 are constant 
on each connected component of O. But using again (3.6) we get that ei- 
ther Cj = or 1 — C 2 = 4\H\ 2 on each connected component of O. This 
contradicts (4.10), and so O = and hence in this case (e = — 1) C\ = C| 
too. 

Therefore K 1 - = and from Theorem 3 we have three possibilities. In 
the first case, $(S) lies as a CMC-surface in M 2 (e) x 1R and, from Lemma 1, 
it has vanishing Abresh-Rosenberg differential. 

In the second case, Cj = 0, j = 1, 2, and <I> is locally one of the examples of 
Example 1. As Q\ = ©2 = 0, Lemma 1,2) says that e = —1 and 4|i7| 2 = 1. 
This fact only happens for the product of two suitable hypercycles or for the 
product of a horocycle and a geodesic, but the latter is a particular case of 
1). So we have proved 2). 

Finally, in the third case we have a PMC-surface described in Proposi- 
tion 4 with Qj = 0, j = 1,2. But then a = — 1 and c = 0, which implies 
that e = — 1. In this case, equation (4.3) becomes in 

(h 1 ) 2 = (1 -4\H\ 2 )(l + h 2 ) 2 , 

which implies that 4\H\ 2 < 1. 

If 4|i7| 2 = 1, then h is constant and <!> is congruent to the product of a 
geodesic and a horocycle which, up to a congruence, is included in case 1). 

If 4\H\ 2 < 1, the solution of the above equation is given by h(x) = 
tan(i/l — 4\H\ 2 x) with — § < \/l — 4\H\ 2 x < |. Now, reparametrizing the 
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immersion by (x,y) — > (yl — 4|//| 2 x, y), the PMC-immersion associated to 
/i in Proposition 4 is &q. Hence we get 3). 



Corollary 1. Let $ : £ — ► M 2 (e) x M 2 (e) 6e a PMC-immersion of a sphere 
S. T/ien, up to congruences, Q is a CMC-sphere in M 2 (e) x R. 

The examples described in Theorem 4.3) and the examples obtained by 
Leite in [10] can be characterized in the following way. 

Corollary 2. Let $ : £ — ► M 2 (e) x M 2 (e) 6e a PMC-immersion of an 
orientable surface S. T/ien i/ie extrinsic and normal extrinsic curvatures 
K and K 1 - are constant if and only if one of the two following possibilities 
happens 

1. K = K 1 - = and <1> is locally congruent to some of the examples described 
in Example 1, 

2. K = A\H\ 2 — 1, K 1 - = 0, and <& is locally congruent either the example 
given in Theorem 4-3) or the example described by Leite in [10]. 

Proof. First K and K 1 - are constant if and only if Cj, j = 1, 2 are constant. 
Also, the examples of Example 1 satisfy Cj = 0, j = 1,2 and the examples 
of Theorem 4.3) and the given by Leite satisfy C 2 = 1 — 4|//| 2 and e = —1. 

On the other hand, if Cj, j = 1,2 are constant, from the integrability 
equations (3.4) we have that (1 — Cj)fj = ^7| ; j = 1>2, and hence, 

computing their lengths and using (3.5), C 2 = Cf = eK. So either Cj = 0, 
j = 1, 2 and we obtain 1) or C\ = C2 is a non-null constant. In the latter, 
from (3.7) we obtain that e = -1 and C 2 = 1 - 4|iJ| 2 , j = 1,2. Using all 
this information we can check that Qj = 0, j = 1,2. The result is now a 
consequence of Theorem 4 and [10] . □ 



Following Theorem 1, the examples of PMC-surfaces of M 2 (e) x M 2 (e) 
described in Proposition 4 have associated pairs of CMC-surfaces of M 2 (e) x 
KL As these PMC-surfaces do not factorize through CMC-surfaces of M 2 (e) x 
M, the pairs of CMC-surfaces are not congruent. 

Let : / x E — > M 2 (e) x M 2 (e) be a CMC-surface associated to a solution 
h of (4.3) in Proposition 4. Following the proof of Theorem 3, the Frenet 
data associated to this immersion are given by 



The converse is clear. 



□ 



5. Examples of CMC-surfaces in M 2 



(e) x E 



u(z) = log^eia-h^x)), d(z) = d(z) = C 2 (z), f 2 (z) = f 2 (z) = h(z), 
72W = -li(z), 71 W = V2\H\(1 + i(h(x) - c)). 
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Hence the Frenet data associated to the pair ($i,<I>2) of CMC-surfaces of 
M 2 (e) x R (see proof of Theorem 1) are given by 

u(z), vi{z) = vi{z) = v 2 (z), p 2 {z) = p 2 {z) =pi(z), 



m (z) = -2\H\(y + (h(t)-c)dt), m (z) = -2\H\(-y+ (h(t) - c)dt). 

Jx J xo 

As the map G:/xR^/xR given by G{z) = z is an isometry of the 
induced metric g = e(a — h 2 {x))(dx 2 + dy 2 ), it is easy to check that <&i o G 
is a CMC-surface with the same Frenet data than $2, and so 3>i o G and 
$2 are congruent immersions, i.e. <E>i and $2 are weakly congruent. So 
really there is only a CMC-immersion associated to each PMC-immersion 
of Proposition 4. In this case we can also integrate the Frenet equations of 
these immersions, obtaining the following family of examples. 

Proposition 5. Let a, b, c be real numbers with b > and h : I C R — > 
R a non-constant solution of the O.D.E. (4.3) satisfying e(a — h?(x)) > 
b, \/x G I. Then ^ = (-0, rj) : I x R — »■ M 2 (e) x R where r](x,y) = 

Vb(y + J* q (h(t) -c)dtj and ip : I x R -> M 2 (e) zs firoen 6y 
(%) IfE = a-eb>0 

1>(x,y) = -±= (y/e{E - h{x) 2 ) cos(V^/), V^P 1 M*) 2 ) sin^/), 

^ If E <0 (which implies e = -1) 

il)(x,y) = -= (h(x), ^h{x) 2 - J Esinh(v /Z ^/), V^) 2 = -Ecosh( v /Z ^/)) 



(5,) If E = (which implies e = — 1) 

1>(x, y) = f / 2 - I + -J-, /, / 2 + I + ! 



4 ' /i(x) 2 ''"'' 4 h(x) 2 
is a CMC-immersion, where in the three cases 

r, s f X b(c-h(t)) , 

Hx,y)=y + / -A— A-g-dt 



,,,, e(S-/»2(t)) 

j4/Z i/te examples described above satisfy A\H\ 2 = b, they are conformal 
immersions with the induced metric given by e(a — h 2 {x)){dx 2 + dy 2 ) and 
their Abresh-Rosenberg differentials given by 

&ar = j (a + 1 - c 2 - 2ic) (dz) 2 

Remark 5. 

(1) Because e(a — h 2 (x)) > b > the parameters a, b and c have to 
satisfy (4.4). Reciprocally if a, b and c satisfy (4.4) then there exists 
a non-constant solution h : / — > R with e(a — /i 2 (x)) > 0. Now 
from (4.3) e(a — h 2 (x)) — b > so, as /i is non constant, there exists 
J'CJ such that e(a - h 2 {x)) - b > 0. Therefore e(a - /i 2 (x)) > b 
(for a suitable interval I') if and only if a, b and c satisfy (4.4). 
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(2) All these examples are invariant under the 1-parametric group of 
isometries {1(9) x r e , 9 £ R} of M 2 (e) x R, where tq : R -> R is 
T(? (t) = i + 0y/b and 7(0) : M 2 (e) -> M 2 (e) is the isometry given in 
remark 2.2. 

Proof. First it is easy to check that, in the three cases, 

|^| 2 = e ( a - h 2 {x)) - b{h{x) - c) 2 , \^ y \ 2 = e(a - /i 2 (x)) - 6, 

{ipx,tp y ) = -b(h(x) - c), {ip x ,ipxy) = 0, (ip y ,ip xy ) = -eh(x)h'(x). 

So taking into account the definition of w and that $ = (1/1, r;) we get 

l^l 2 = I*/ = <a - h 2 (x)), (* x , *„) = 0, 

that is, ^ is a conformal immersion with conformal factor e(a — h 2 (x)). Then 
its mean curvature vector field is given by H = (^> xx + ^ yy ) T /2e(a — h 2 (x)), 
where () T denotes the tangential component to M 2 (e) x R. So, by a direct 
computation we get 

From this we have that ^ is a CMC-immersion with \H\ 2 = 6/4 and it is 
straightforward to check that the associated Abresh-Rosenberg differential 
is: 

2e AR (z) = j(a + l-c 2 -2ic)(dz) 2 

□ 

From Theorem 1 and Theorem 3 we can obtain the following rigidity 
result for CMC-surfaces of M 2 (e) x R. 

Corollary 3. Let $i,$ 2 : (£,#) -> M 2 (e) x R 6e too non- congruent CMC- 
isometric immersions of a simply-connected surface S iratt i/ie same mean 
curvatures Hi = if 2 and the same extrinsic curvatures K\ = Ki- Then $1 
and $2 ore weakly congruent, i.e. there exists an isometry G of (T,,g) such 
that $ioG and $2 GW"e congruent, and <J>i is either one of the examples 
of Proposition 5 or <3?i is a cylinder over a curve of constant curvature of 
M 2 (e). 

Proof. From Theorem 1, let $ : (£,5) -> M 2 (e) x M 2 (e) be the PMC- 
isometric immersion associated to the pair ($1, $2)- Then its extrinsic nor- 

— I C 2 — C 2 K —K 

mal curvature is given by if = e 1 2 2 = 2 = 0. So, as $1 and <J> 2 
are not congruent, Theorem 3 says that $ is either one of the examples of 
Proposition 4 or the product of two curves of constant curvature. At the 
beginning of this section it was proved that, in the first case, <3?i and $2 
are weakly congruent and <£>i is one of the examples of Proposition 5. In 
the second case, if $ is given by <3?(x,y) = (a(x), (3(y)) with a and curves 
in M 2 (e) with constant curvature k a and hp and \a'\ = \$\ = 1, following 
Theorem 1, the Frenet data of $1 and <E>2 are given by u = 0, H\ = H2, 
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vi = u 2 = 0, p 2 = pi and T] 2 (x,y) = rn(-x,y) = -(kpx + k a y)/^Jk 2 + 

As G{x,y) = (— x,y) is an isometry of the induced metric g = dx 2 + dy 2 
then $1 o G is a CMC-immersion with the same Frenet data than $2, and 
so $! and $2 are weakly congruent. Now if $! = ((^1,771) it is not difficult 
to check that the image of 4>i is a curve in M 2 (e) with constant curvature 

ka + fcjg an< i the corollary is proved. □ 

Among the examples described in Proposition 5 there are some of them 
of particular interest that we are going to describe. 

Example 3. We consider the 1-parameter family of CMC-immersions in 
Proposition 5 associated to the PMC-immersions given in example 2 (e = 
— 1, c = 0, b = 1). Following the notation, for each A > 0, ^a = (Y%?7a) : 
R 2 -> H 2 x R, where: 

, , . \/l + A 2 / . coshy sinhy 
V>a(£, y) = > I sinhx, cosh x sum y H , cosh x cosh y 1 



A V v / T+A 2 "' * Vl + X 1 

r)\(x,y) = -(y + \A + A 2 coshx), 

is a CMC-conformal isometric embedding of the complete surface 
(M. 2 ,±±¥- cosh 2 x(dx 2 + dy 2 )) in M 2 xR with H = 1/2. Its Abresh-Rosenberg 
differential is given by (dz) 2 /8. 

Example 4. We consider the CMC-immersion in proposition 5 associated 
to the example $0 of Theorem 4. Following the notation, for each real 
number < H < 1/2, * = (V>o, Vo) ■] ~ t/2, vr/2[xR -► M 2 x R given by 

, , . 1 / sinhy ^ Tr2 _,. coshy 2 -7/ A 

^o(^) 2/) = , = tan x, h 2/i e y cos x, 2H e y cos x 

V 1 — 4// 2 \ cos x cos x / 

V 1 — 4i7 2 

is a CMC-conformal isometric embedding with mean curvature H of the hy- 
perbolic plane (] — vr/2, 7r/2[xR, 1/(1 — AH 2 ) cos 2 x) with curvature AH 2 — 1 
in M 2 x R. Its Abresh-Rosenberg differential vanishes and it is a conformal 
reparametrization of the Leite example [10]. 

Example 5. Now we are going to obtain examples of CMC-tori in § 2 x S 1 . 
To do that, first we need to get periodic solutions of the O.D.E. (4.3). We 
consider e = 1, c = and from (4.4) a > b, and them equation (4.3) becomes 
in 

(h') 2 (x) = (a - h 2 {x)) (a - b - (1 + b)h 2 (x)) = q(h). 

As the roots of the polynomial q are ±\/a, iy (a — 6)/(l + b), formula 
219.00 in [3] says that the solution h : R — > R of the above equation with 
h(0) = is given by 
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where sn is the sine amplitude Jacobi function with modulus k 2 = (a — 
b)/a(l + b). These solutions are periodic with period 4K(k) / \J 'a(l + b) 
where K(k) is the complete elliptic integral of the first kind. 
In this case 



e(a-h 2 {x)) = a(l-K 2 sn 2 (y/a(l + b)x)) = a dn 2 (y/a(l + b)x) > 0, Vx G R, 

where dn is the delta amplitude Jacobi function. Furthermore, e(a— h 2 (x)) > 
b because the minimum for the function dn is Vl — k 2 and it is easy to see 
that a(l — k 2 ) > b if and only if a > b. 

Now the function / appearing in Proposition 5 is given by 



y/a — b \ v / adn(Y / a(l + b)x) J ' 

where cn is the cosine amplitude Jacobi function. Then, up to the reparametriza- 
tion (x, y) i-> -^=L==( X , y), the associated CMC-immersion $ aj5 = (0 a>b , r} a , b ) : 

E 2 -> § 2 x R is given by: 



<l>a,b{x,y) 



y / adnxcos(Ky) — cnxsin(Ky) y^dnxsin(/q/) + cnxcos(/«y) snx 



Va,b( x >y)= 7== log(dnx- Atcnx) + V 



CMC-immersion 

Vb 



We consider the local isometry t G R i-> 7^=e l * G S 1 (-^=) and the 



^a,6 = (0a,b,^):M 2 ^§ 2 xS 1 (- 



\J a — b 

i / \ \/f< i log(dn i-kcm) ,•„„ 

where r] a>b (x,y) = -j=^ V ^ TT V Ky . 

It is clear that $ is invariant under the group G a ^ of transformations of 
K 2 generated by 

/ 2tt 

(x,y) h-> (x + 4K(K),y), (x,y)^[x,y-\ 

If T fli 5 = R 2 /G 0j {, is the associated torus and P : R 2 — > T a ^ the projection, 
then the induced immersion 

$a,fe : T a>b - S 2 x S^-^L), P(x, y) ^ $ a , b (x, y), 
\/a — o 

defines a CMC-conformal immersion of the torus T a>b into S 2 x S^-^L). 

We are going to see that & a>b is an embedding. In fact, if Q a b (P{x, y)) = 
<& a ^(P(x,y)), with x,x G [0, 4if(/c)[, y,y £ [0,2tt/k[, then we have that 
sni = sni and then either x = x or x, x G [0, 2if (/c)] and x + x = 2K(k) or 
x, x G [2if(/«),4A'(K)] and x + x = 6K(k). In the first case, looking at the 
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immersion we obtain that y = y. In the other two cases, cn x = — cn x and 
dnx = dnx. So, looking again at the immersion we easily get that 

o o / Va— b 

* a dn x — cn x . „ . //dnx — fccnx\ vT+5 

cos(Ky-Ky) = — —J — , cos(Ky-Ky) = cos log — 

a dn x + cn 2 x I \ dn x + K cn x 

From these equations we obtain that x = K(n) or x = 3K(n), which implies 
that x = x. Again, y = y, and so our immersion is an embedding. 
We can summarize the above reasoning in the following result. 

Proposition 6. For each pair of real numbers < b < a, the immersion 
$a,b ■ T atb -► S 2 x S 1 (^j) described above is a CMC-conformal embedding 

of the rectangular torus T a j, with mean curvature H = Vb/2. Its Abresh- 
Rosenberg differential is @ar = (b(l + a)/8a(l + b))(dz) 2 . 

Remark 6. It is clear that r : T a ^ — ► T a ^ defined by 

r(P(x,y)) = P(-X,y + ^ 

is an isometry of T a) 6 with r 2 = Id. Because $ a ^(rP(x, y)) = — 4> a ;,(P(x, y)) 
for all (x,y) € R 2 , i> aj b induces a CMC-embedding of the Klein bottle 
B a ,b = T afi /{r) in EF 2 x MP^v^/v 7 ^ 7 ^), where MP 2 denotes the real pro- 
jective plane with constant curvature 1 and MF 1 (y/b/y/a — b) denotes the 
real projective line with constant curvature yja — bj Vb. 

6. Compact PMC-surfaces 

In this section we are going to prove some properties of compact PMC- 
surfaces of M 2 (e) x M 2 (e). Let $ : E M 2 (e) x M 2 (e) be an PMC- 
immersion of an orientable surface S. We define two vector fields Xj, j = 
1,2, tangent to £ as the tangential components of JjH, 

J\H = X\ + C±H, J 2 H = X 2 — C 2 H. 

In particular we have that |X,-| 2 = \H\ 2 (l — C 2 ), j = 1,2. Differentiating 
these equations and taking tangential components we obtain that 

V„Xi = Ci A H w - Ci J^AjjV, V V X 2 = -C 2 A H v - C 2 J T 'A il v 

for any tangent vector v, where J s is the complex structure of the Riemann 
surface S. From here we obtain that the divergence of Xj and the differential 
of the 1-forms a Xj (v) = (Xj,v) are given by 

(6.1) divX,- = (-iy +1 2Cj\H\ 2 , da x > = 0, j = 1,2. 

Now, using the above properties and that \Xj\ 2 = \H\ 2 (1 — C 2 ), the Bochner 
formula becomes in 

1 I X7 X ■ I 2 

-A(l - C 2 ) = K(l - C 2 ) + (-iy +1 2(VQ, Xj) + l - w f, j = 1, 2. 
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Using now the expression of the covariant derivative of Xj we finally get 
that 

(6.2) ^A(l-Cj) = K(l-C 2 )+{-iy +1 2(\7C j ,X j )+2C 2 {eC 2 +2\H\ 2 -K), 

On the other hand, as A(l - Cj) = -2CjACj - 2\VCj\ 2 , j = 1,2, from 
equation (6.2) and (3.7), we obtain that 

(6.3) |VC/ = (1 - C 2 )(eC 2 - K) + (-1) J 2(VC„ X,), j = 1,2. 

All these formulae have some consequences when the surface is compact. 

Proposition 7. Let $ = ((f), ip) : £ — > M 2 (e) x M 2 (e) 6e an immersion of 
a compact orientable surface with parallel mean curvature vector. Then 

1. J^CjdA = 0, j = 1,2. 

2. If e = 1, then the degrees of (ft and ip are zero. 

3. IfK> 0, then either $(E) is a CMC-sphere ofS 2 xR with 4\H\ 2 > 1 or 
<J>(X) is a torus of Example 1. 

4- If e = 1 then K cannot be negative. If e = —1, then K cannot be less 
than —1. 

5. If some of the holomorphic differentials @j vanishes, then also vanishes 
the other and so <£(£) is a CMC-sphere of M 2 (e) x R. 

Proof. Integrating the first equation of (6.1) we prove (1). If e = 1, then 
(j), ip : E —> S 2 are maps such that (see section 3) 

,* C1+C2 .„ C\ — C2 

(j) U = W S , W U = W S , 

which proves (2) making use of (1). 

If K > 0, then either S is a sphere and Theorem 4 proves that it is a 
CMC-sphere of M 2 (e) x R, or E is a flat torus. In the first case only the 
CMC-spheres of S 2 x R with 4|i7| 2 > 1 have non-negative Gauss curvature. 
In the second case, from (6.1) we have that 

(6.4) 0= f div (CjXj) dA = j (VCj, Xj) dA + {-l) j+1 2\H\ 2 j C 2 dA, 
that, joint with the integration of equation (6.2), gives us 

= j (K(l - 3C 2 ) + 2eCf) dA. 

As E is flat, we obtain that Cj = 0, j = 1,2, and so <3?(E) is a torus of 
Example 1. 

Now we prove (4). From (6.3), p is a critical point of Cj if and only if 
either C 2 (p) = 1 or K(p) = eC 2 (p). If e = 1 and K < or e = -1 and 
K < — 1 the second possibility cannot happen and hence all the critical 
points satisfy C 2 (p) = 1. Taking into account Proposition 3, the function 
Cj is a Morse function with only maximum and minimum as critical points. 
Therefore the surface must be a sphere, but the Gauss-Bonnet theorem gives 
a contradiction. This proves (4). 
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Finally if some of the holomorphic differentials vanishes, i.e. 0i = 0, then 
from (3.6), (6.3) and (6.4) we obtain that 

16|^T| 2 f KdA= [ (4\H\ 2 + e(l - Cf)) 2 dA. 

In particular J s K dA > and again either E is a sphere and so O2 = 
or £ is a torus in Example 1 with Q± = 0, which is impossible looking at 
Lemma 1. □ 
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